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Summary. The recently proposed algorithm, using the evidence accumulation prin-
ciple, for finding lines (ridges) having shape which can be neither parameterized nor
tabularized is described in detail. This fuzzy, multi-scale algorithm stores the evi-
dence in the accumulator congruent with the image domain. The primary application
was finding blood vessels in mammograms.
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1 Introduction

The useful information contained in images is dispersed. By this statement it
is meant that, besides the extremal cases, no useful information is contained
in a single pixel; on the contrary, it is always contained in groups of pixels, not
necessarily neighbouring each other. Before the analysis is completed it is not
possible, as a rule, to distinguish between pixels carrying relevant information
and those which contain irrelevant, misleading or erroneous information, or
from which the information is missing. Although this statement is straightfor-
ward, it has large practical significance in the design of robust image analysis
methods: the information should be collected from regions having location
and size consistent with the features sought, and the dependence of the result
on non-relevant data should be minimized.

The important class of methods which have good properties in the above
described sense are the evidence accumulation methods. In the image analysis
and feature detection settlement, the Hough transform (HT) was historically
the first such method ([1], reviewed, among others, in [2, 3]). The term evidence
accumulation was used in [4] and the notion of evidence gathering in [5]. The
necessary condition for using these methods is the possibility of representing
the shape of the object of interest either in a parametric form – standard HT,
or with the use of a template or table – generalized HT [6, 7], or with shape
descriptors [5].

In this paper, the method for detecting lines (ridges) having shapes which
can be neither parameterized nor tabularized, proposed recently [8], is de-
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scribed in more detail. The lines detected are of various and slowly changing
widths and can have a slowly, but unpredictably changing direction. The fea-
ture of the bright line, chosen for the implementation, is that its edges have
large gradients directed towards each other. Pairs of pixels, lying each on the
other side of the line, are considered in an elementary accumulation. The con-
sistence of line presence and its slowly changing direction among numerous
pairs of pixels in the considered region is what makes the accumulation result
meaningful. The measure of presence, or the intensity of the line, or simply
lineness, emerges in the accumulator which is congruent with the image do-
main. The accumulation process is fuzzified in several simple ways (see [9]
for an in-depth analysis of the fuzzy accumulation). The accumulator can be
analysed according to the requirements related to the application considered.

The method described has relatively high complexity, inherited both from
the m-to-1 HT [2] (here, m= 2) and from the Symmetry Transform [10], to
which it is related in respect of using pairs of pixels and consistence conditions.
However, with the equipment currently available, images of moderate size
can be analysed in acceptable time. It should be stressed that the method
is inherently multi-scale, that is, the analysis is performed for the specified
range of expected line widths simultaneously, in a single run. The complexity
is high only under the assumption that the bounds of the range of line widths
are related to the image size.

The primary motivation of the previous and the presented work was the
detection of blood vessels in mammographic images. The location of the fea-
tures of malignancy, like microcalcifications, neoplastic masses and spiculated
patterns, with respect to the elongated normal structures, like blood vessels
and milk ducts, is important for the diagnosis.

Recently, the detection of elongated objects specifically in mammograms
was studied in [11], being a continuation of [12]. From a number of detectors,
the line operator proposed in [13] and the orientated bins detector proposed
in [11] occurred to be the best. It seems that the strength of these principally
simple methods was in that raw grey-level data were used rather than their
derivatives. One of the compared methods, proposed in [14], which was claimed
in [11] to be widely recognized as a benchmark for ridge and line detectors,
used second-order derivatives and failed in comparisons. The methods using
scale-orientation signatures [15] appeared to be even more reliable.

The quality of the mammograms, which is inherently limited due to small
differences in the density of the visualized tissues, makes it impractical to use
the methods typically applied to the detection of blood vessels in angiography,
where contrast enhancing agents are added to blood.

The algorithm introduced in [8] and studied here in more detail is gener-
ally different from those described in the cited papers. Although a thorough
comparative study is still to be done, it can be said that the proposed algo-
rithm seems to work well in images of the quality typical for mammograms
(see Fig. 7). Therefore it is suggested that it can also be applied to other
images having comparably unfavourable quality.
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Fig. 1. Derivation of the accumulated
value in pixel pc from gradients in two
pixels p1, p2 (see text).
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Fig. 2. Masks defining the member-
ship function in fuzzy voting in a central
pixel pc (see text, p. 358).

2 Line detection as evidence accumulation

Model and notations It is assumed that a bright line is an object having
two nearly parallel edges characterized by large image brightness gradients
directed towards each other. Pairs of pixels pi, i = 1, 2, are considered in
an elementary accumulation. Pixels in a pair are located at distances within
a range corresponding to the expected range of line widths. Notations are
shown in Fig. 1. Letters in bold denote vectors. Each pixel is related to an
edgel, shown as black line going through the pixel, having the edgeness (edge
intensity) equal to the gradient modulus |Gi|. Vectors T i tangent to the edgels
are the gradients rotated by π/2 in two opposite directions. The accumulation
for each pair is performed in its central pixel pc.

Necessary conditions For each pixel p1, the second pixel p2 is considered
within the specified region (explained further). The gradient in each pixel
must point towards the second pixel; for example, G1 must form an acute
angle with −−→p1p2. Vectors T 1,T 2 must form an acute angle. Image intensities
in all pixels of p1p2 must not be smaller than that in its darker end.

Direction, width and intensity Line direction, defined by angle ](
−→
Ox,V ), is

the direction of the sum V of the tangent vectors T i. The length |V | is the
basis for calculation of the line intensity to be accumulated. The line width w
is the length of the projection of p1p2 onto the normal to V .

Penalty functions and cos2 function Before accumulation, |V | is multiplied by
the penalty functions of directional consistence cd and edgeness consistence ce:

cd = cos2[](T 1,T 2)] , (1)
ce = cos2[π (1−min(e1, e2)/max(e1, e2)) / 2] , (2)

where ei is the edgeness, ei = |Gi|. There is no penalty for the acuteness of
angles formed by p1p2 and the line, so the evidence is gathered from short as
well as longer distances from pc with equal influence on the result.
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Fig. 3. Cosine square with zeros in {−1, 1}
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Fig. 4. Lineness fuzzified
with the cos2 function (see
text, p. 360).

Note that the cosine square function, with a proper frequency, has been
used in both cases. This function has been used as the weighting function, or
the membership function, throughout this paper. Its shape is similar to that
of the Gaussian function, frequently used to model uncertainty (Fig. 3), but
has some valuable feature which will become apparent further.

Accumulated value and accumulator The accumulated value – line intensity
or lineness l – is calculated as

l = cd ce |V | . (3)

The accumulator Lxywα is four-dimensional, real-valued. The x, y are the im-
age coordinates of the central pixel pc of the pair and x ∈ 〈1, xu〉, y ∈ 〈1, yu〉;
further, w ∈ 〈ww, wu〉 is the edge width, and α is its direction, α ∈ 〈0, π〉.
Indexes w and u denote the lower (min) and upper (max) value, respectively.
The final result of the detector in a pixel (x, y) is the lineness equal to the max-
imum over w and α for this pixel, and the w and α at the maximum are the
local characteristics of the line. The accumulator can be analysed according
to the requirements related to the application considered.

Odd and even distances between p1 and p2 If the distance between the pixels
in the pair is odd in x or y direction, then the central point has non-integer
coordinate in this direction and does not fall into any pixel and into any
element of the accumulator. Rounding would introduce a systematic error of
half a pixel in locations of lines having odd widths. One remedy for this is
to introduce appropriate rows and columns into the accumulator, but this
would (nearly) double its size. Another remedy, applied here, is to fuzzify
the votes between the neighbouring accumulator elements so as to reflect the
non-integer location of the central point. In this way, the final decision on
the location of the ridge of lineness, that is, the maximum of the so obtained
membership function, is postponed until the accumulation is finished.

In Fig. 2 the masks giving rise to the membership functions used in fuzzy
accumulation are shown. Above the coordinate system the basic masks for
integer (left) and non-integer (right) coordinates of the central point are dis-
played. They both have four votes. By transposing one of the masks and con-
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Fig. 5. Region (grey) swept by pixel
p2 (grey square) for a given pixel p1
(black square). Central pixel pc (grey
circle) in between (see text).
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Fig. 6. Limits on distance d of pixels
of a pair: p1 (black square) and p2 (grey
square) and on line width w (see text).

volving it with the other one, the masks for four combinations of integer and
non-integer x and y are shown inside the coordinate system: x integer (left),
x non-integer (right); y integer (upper), y non-integer (lower). The member-
ship function values are equal to mask elements divided by 4.
Range of accumulation The region to which the second pixel p2 can belong
for a given first pixel p1 is restricted by the lower and upper bounds on the
expected widths of lines in the image: ww and wu. This is explained in Figs. 5
and 6. The lower bound on distance dw is simply ww. The region swept by
the pixel p2 is inside the ring R(p1, dw, du) and in front of and below p1.

The region to which the voting pixels belong should have similar propor-
tions for narrow as well as for wide lines. Therefore, the maximum projection
of distance of the voting pixels on the line direction is limited (Fig. 6):

s ≤ fd w , (4)

where fd is the maximum voting pixel distance factor. This condition is applied
in two ways. First, when the range of line widths expected in the image is
specified, the corresponding global range of distances is established once:

dw = ww , (5)

du =
√
w2
u + (fdwu)2 . (6)

Second, for each elementary accumulation, as soon as w is found for the given
pair, the condition corresponding to (6) is checked

d ≤
√
w2
u(1 + fd)2 (7)

and the current elementary accumulation is rejected in case it is false. In the
examples, fd = 3 was assumed.

As a result of these formulations, more pixels vote for a wide line than for
a narrow one. Consequently, in place of Eq. (3), the following is used:

l = cd ce |V | / w . (8)

This issue related to the scale invariance of the detector is extended in [16].
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Fuzzification along the angle and 3D accumulator The cosine square function
(Fig. 4) was used for fuzzifying the voting for the angle. The fuzzified function
can be rewritten as l cos2(ϕ−α) = 0.5l cos(2ϕ−2α)+0.5. In the accumulation
process, the systematic multiplicative and additive constants are insignificant.
Hence, instead of adding the values resulting from the fuzzification to all the
adequate accumulator elements, it is possible to add two harmonic functions
having the same frequency, but differing by amplitude l and phase 2α. Now,
the size of the accumulator can be reduced so that it stores only two reals, l
and α, in each Lxyw, which can be written as Lxywv2 , where v2 = l or α. It is
more practical to store three reals: l, sin 2α and cos 2α during the calculations,
and to find α for each (x, y, w) after the accumulation is completed.

Fuzzification along the direction To further enhance the elongated objects
and omit the short ones, after the accumulation the accumulator elements are
fuzzified along the line direction. As the membership function, once more the
cos2 function is used, scaled to span the range ±2w.

Postprocessing The condition of local homogeneity of line direction is used.
This is calculated as the opposite of the standard deviation of angle in a cir-
cular neighbourhood of a pixel, of diameter w. After this result is calculated
for the whole image, it is mapped into an interval 〈0, 1〉.

In the end, a simple ridge following algorithm is run on the accumula-
tor Lxywv2 , starting from the strong local maxima of l – larger than the
lineness threshold flmax(L). The next pixel is chosen as the one having the
largest value from the six pixels found as follows. For the width w of the cur-
rent element of L and its two neighbouring widths, two pixels are considered,
which determine the directions according to two roundings (up and down) of
the local direction α. If any of these directions is in contradiction with the
previous move, the respective pixel is rejected. The ridge following stops if
another ridge or image edge is reached, or if the accumulated value of the
next pixel is too low: less than fa-th part of the average accumulated value
for the currently analysed ridge. The coefficient fa is fixed to 0.25, and the
lineness threshold coefficient fl is the parameter of the algorithm.

3 Parameters, complexity and storage

The significant parameters of the algorithm are the lower and upper edge
widths ww, wu and the lineness threshold coefficient fl. Other parameters: the
size of the mask for the calculation of the gradient, set to 5× 5, the range of
fuzzification along the line direction, set to ±2w, the maximum voting pixel
distance factor fd = 3 and the average value coefficient for a ridge fa = 0.25
are the ‘hidden’ parameters which practically do not need tuning.

As explained above, for a given pixel p1, a second pixel p2 is taken from
the front-and-lower part of ring of radii dw, du (Fig. 5), and the radii depend
linearly on ww, wu (Eqs. (5), (6)). The number of pairs to analyse is then
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proportional to xu yu (w
2
u− w2

w) (in practice, less than 10% of pairs meet
the conditions). The fuzzification along the line direction is performed for
xu yu (wu−ww+1) accumulator elements and spans along (4wu+4ww)/2 pixels
average for each cell, which leads to the same order as for the accumulation:
O(xu yu (w

2
u−w2

w)). The storage requirements are of the order O(xu yu (wu−
ww)). Under the assumption that the image is square: xu= yu= n, and that
the expected line widths are proportional to the image size n, we receive
O(n4) for complexity and O(n3) for storage. If the expected line widths do
not depend of the image size, it is O(n2) for complexity and O(n2) for storage.
This makes it possible to use the method effectively for images of moderate
size, even with the computers with typical processors.

4 Example

In the following example, the version of the algorithm with the modifications
discussed in [16] was used. The image is one of the phantom images used by
Zwiggelaar et al. in [11, 12] (the Dense Mammographic Background image)
available at http://www2.cmp.uea.ac.uk/˜rz/miu/miuLinear.html . The
image contains short straight lines, 8 pixel wide. The parameters used in the
result presented in (Fig. 7) were: ww = 6, wu = 10, fl = 0.25. Time was 4 min
18 s (accumulation 195 s, fuzzification along direction 45 s, angle homogeneity
13 s, ridge following 5 s; Pentium 1 GHz). One spurious line was detected –
upper right corner (for fl = 0.29 neither lines are omitted nor false lines
appear). Shapes of detected lines are not equal but close to those expected.
The detector elongates the lines by the fuzzification along the direction. As
a side-effect, some of the lines were elongated beyond their actual lengths –
especially the line in the second column from left, fourth row from top.

a b c

Fig. 7. Phantom of a mammographic image from [11, ?], 512 × 512, 8 bits/pixel.
(a) source; (b) line intensity (grey proportional to lineness) with line widths marked
(grey equal to that in the maximum) in local line intensity maxima larger than flL
(black dots); (c) widths of detected lines (grey) and their ridges (white lines).

http://www2.cmp.uea.ac.uk/~rz/miu/miuLinear.html
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5 Conclusion and suggested future work

A new detector of lines having variable orientation and width, recently pro-
posed [8], has been described in detail. Although it has been designed primar-
ily for the detection of blood vessels in mammograms, it is a generic ridge
detector. It seems that the power of the algorithm lies in the use of the fuzzy
accumulation principle. The quality of the methods selected as the most reli-
able in [11, 12] stems from the use of raw grey levels, rather than the gradients,
as in the present paper. This suggests that merging the accumulation principle
and fuzziness, with the use of raw grey levels instead of derivatives, or with
the principles used in [15], should be a good direction of future work.
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